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Abstract

Among many proposals to estimate proportion of explained variation for survival data,
Korn and Simon’s measure is the only one actually looking at the variation of time. While
this should be an advantage, its usage, as measured by citations, suggests otherwise. We
look at some possible reasons for this. We find one, serious, but easily corrected, deficiency
of the measure, and another property, which is natural, but not very practical when there
are censored data.
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1. Introduction
While there were quite some papers proposing measures of explained variation for survival
data (Graf et al., 1999; Harrell et al., 1982; Kent & O’Quigley, 1988; Nagelkerke, 1991;
Schemper & Henderson, 2000), only two are often used in practical applications (Harrell
et al., 1982; Nagelkerke, 1991). These would be fine, if those two didn’t come with drawbacks
that should actually make them much less appealing (Henderson et al., 2024).

More importantly, except for the proposal by Korn and Simon (1990), all others are
explaining variation of something else than time (e.g., distances between survival curves,
variations of ranks, or covariates). However we want to look at survival models, time to
event is the outcome variable and it is always the variation of the outcome variable that
one wants to understand. This fact alone should make the Korn and Simon’s measure a
favourite over others. But its usage says otherwise.

For example, of the four comparisons of measures of explained variation in survival
analysis (Austin et al., 2015; Hielscher et al., 2010; Rahman et al., 2017; Schemper & Stare,
1996) only the first one, by far the oldest, included the Korn and Simon measure. Another
illustration is the number of citations. Table 1 gives these numbers for five measures.

Before suggesting reasons for this, we first remind the reader what the Korn and Simon’s
measure is.
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Table 1. Number of citations of five measures in the last
10 years.

Measure No. of citations

Nagelkerke (1991) 2473

Harrell et al. (1982) 1786

Graf et al. (1999) 487

Schemper and Henderson (2000) 73

Korn and Simon (1990) 37

2. The Korn and Simon’s measure
The paper from 1990 discusses two classes of measures. One involves rank correlations
between observed and predicted survival times and they are not the subject of this paper.
The other involves loss functions 𝐿(𝑦, 𝑝) that measure loss from predicting 𝑝 and observing
𝑦 . They discuss several loss functions, here we are only looking at the squared error loss, so
that 𝐿(𝑦, 𝑝) = (𝑦 − 𝑝)2. But what we say about this loss function, is essentially the same for
any other.

For the squared error loss the optimal predictor is the mean 𝐸(𝑇 ) and the expected loss
(or risk) for a survival curve 𝑆, under the assumption of the correctly specified model, is

𝑅 [𝑆 (⋅)] = ∫ (𝑡 − 𝐸 (𝑇 ))2 𝑑𝐹(𝑡),

where 𝐹(𝑡) = 1 − 𝑆(𝑡).
Explained variation is a proportion of the variation under the null model explained by

the model. Using the above notation Korn and Simon define the explained variation as

𝐸𝑉𝐾𝑆 =
𝑅[𝑆0(⋅)] −

1
𝑛 ∑

𝑛
𝑖=1 𝑅[𝑆(⋅|𝑥𝑖)]

𝑅[𝑆0(⋅)]
,

where 𝑆0(⋅) denotes the null model. They define the null model to be

𝑆0(𝑡) =
1
𝑛

𝑛
∑
𝑖=1

𝑆(𝑡|𝑥𝑖),

where 𝑥𝑖 are fixed covariates. In other words, their null model is the average of the predicted
survival curves.

Three distinguishing features of their approach to calculating explained variation are:
1. They assume the model to be correct and calculate the null model and the residual

variances under this assumption.
2. The null model is defined as the average of the predicted survival curves.
3. Their measure is sensitive to monotonic transformations of time. As natural as this

may be, this property distinguishes their measure from others.
We discuss the above in the next section.

3. Possible drawbacks of the Korn and Simon’s measure
3.1. The model is assumed to be correct
To estimate the Korn and Simon measure we need the overall variance under the null model
and the residual variance under the fitted model. We discuss the null model in the next
subsection, here we look at the residual variance.
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To estimate the residual variance, we need to look at the differences between the observed
and predicted values for each subject. Korn and Simon don’t do that, they estimate the
predicted survival curves and use those to estimate the residual variances. This means
that the actual values of times are not used after fitting the model and that censoring then
represents no problem.

It is probably obvious that this is ok, but we nevertheless explain here the general idea
in a few lines.

When we fit a certain model, we get estimates of the means and the residual variances
for given values of covariates. Denote the estimated variance by σ̂2. Since σ̂2 is a consistent
estimator of σ2, we have

𝐸(σ̂2) = σ2.

Then we generate data with the fitted model and this variance. This gives us the estimate of
the variance, say

̂σ̂
2
.

And of course, under the assumption of consistency, we have

𝐸( ̂σ̂
2
) = σ̂2

and
𝐸 (𝐸 ( ̂σ̂

2
)) = 𝐸 (σ̂2) = σ2.

We illustrate the above using linear regression. We hope the graphs are self-explanatory,
here are short descriptions. Figure 1 presents a scatter plot in which the points clearly do
not follow a straight-line relationship. Figure 2 shows the same data with an appropriately
fitted. In contrast, Figure 3 displays the same points with an incorrect linear fit. Figure 4
plots this linear fit together with points scattered around it using the variance estimated
from Figure 3, demonstrating that the residual variance remains essentially the same (up to
sampling error) as in Figure 3. Finally, Figure 5 explicitly illustrates this result through a
simulation based on 10,000 repetitions with a sample size of 200.

So there is essentially no difference and one can safely use the fitted model to estimate
the residual variance. This avoids any problems with the censored data.

3.2. The null model
To illustrate that their proposal for the null model is not a good choice, we generated data
with one binary covariate and times with the Weibull distribution

ℎ(𝑡) = γλ𝑡γ−1 and 𝑆(𝑡) = 𝑒−γ𝑡
γ
,

where we chose λ1 = 1 and λ2 = 0.5 for the two groups and γ = 10. Sample size was 1000.
Then we fitted an exponential model and calculated their measure according to their

proposal, so with the null model being the average of the two predicted survival curves. We
obtain 𝐸𝑉𝐾𝑆 = 0.118.

The question is if taking the average of predicted survival functions as the null model
makes sense. A different model will give us a different null model. Most statisticians would
actually calculate the Kaplan–Meier estimator of the survival curve as the best one can do
without considering covariates. And comparing the exponential fit to the KM curve will
give us 𝐸𝑉𝐾𝑆 = −8.231! As ridiculous as this sounds, it simply tells us that the variance of
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Figure 1. Cubic relationship between predictor and outcome.

Figure 2. Best fit using a cubic polynomial.
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Figure 3. Wrong fit using a linear model.

Figure 4. Data generated under the linear model with estimated variance under the wrong model.
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Figure 5. Distribution of the differences between 𝑅2s calculated on original and generated data.

predictions under the exponential model is around nine times larger that the variance of
predictions under the KM model.

If we fit the correct model to fit the data, so the Weibull model, we obtain 𝐸𝑉𝐾𝑆 = 0.880
with their null model and 𝐸𝑉𝐾𝑆 = 0.870 with KM as the null model.

The above example illustrates two situations: the first, rather extreme, where the fitted
model is completely wrong, and the second, where the model is correct. Most of the time
the models used in applications will be somewhere in between. But the point remains, two
different fitted models will give two different null models, which doesn’t make much sense
(Figure 6).

Figure 6. Illustration of the effect of using Korn and Simon’s null model.

3.3. Sensitivity to monotonic transformations of time
Say clinical trials are run in Ljubljana and in New York with time to an event being a variable
of interest. And say that both trials give the same result, so the same regression coefficient
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for the variable denoting the trial group. This is all that medical science needs to know,
so one would expect that statistics are the same in both centers. But, it may well be that
patients in New York survive better overall because of other aspects of treatment. This
means that the baseline hazard is different between the two centers, and then the Korn
and Simon measure will be different for the two models. Other measures, i.e., 𝑐-index,
Schemper–Henderson, or O’Quigley & Flandre, will be the same, since they are not sensitive
to monotone transformations of time.

For example, a data set with exponentially distributed times in two groups gives us
𝐸𝑉𝐾𝑆 = 0.30, but after we transform times with 𝑡1 = 3√𝑡 we get the same results for the Cox
model (apart for the baseline hazard), but the Korn and Simon measure is now 0.44.

A statistician can hardly see this property as bad, but with the Korn and Simon measure,
this has an important consequence.

If data are censored after a certain 𝑇0 then any measure of explained variation will
give a different value than for non-censored data. Exceptions are those measures which
inherently assume that the model is valid everywhere. Such measures are called independent
of censoring, but one can make other measures also independent of censoring by extending
the data under the fitted model (Kejžar et al., 2016). Unfortunately, Korn and Simon measure
is an exception, unless the model is fully parametric. We cannot, for example, extend the
data under the Cox model without assuming some baseline hazard. And the measure will
be different for different baselines.

This is an effect of censoring that cannot be avoided with the Korn and Simon measure.

4. Conclusion
We strongly believe that the null model must not depend on the model fitted and should
be the best model we can use when we are not using any covariates. The Kaplan–Meier
function is an obvious choice. This is easily incorporated into the Korn and Simon measure
and the measure should only be used with such a null model.

On the question of sensitivity to monotone transformations of time we are reluctant to
give a strong opinion, but one has to accept that censoring beyond certain 𝑇0 is common in
survival analysis.
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