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Abstract

Kurtosis is routinely taught in introductory statistics courses, where it is sometimes still
wrongly interpreted as “peakedness” even though the statistical profession has dismissed that
notion. Furthermore, the internet abounds with wrong illustrations of kurtosis. Moreover,
our literature search found only two actual published practical applications of the kurtosis
statistic. To assess the merits of kurtosis, or lack thereof, we review the definition of
kurtosis and present simulations that demonstrated extreme instability of kurtosis estimates,
especially when viewed jointly with skewness. The simulations were conducted with
100 000 draws of samples of size 30, 100 and 1000 from standard normal, standard uniform,
lognormal, arcsine and standard triangular distributions. Results were presented graphically
for the marginal and joint distributions of the skewness and kurtosis estimates. With the
lognormal distribution, which is highly skewed, the vast majority of skewness-kurtosis
pairs fell very far from the theoretical population values even in samples of size 1000. At
the same time, high asymmetry of sampling distribution of kurtosis when sampling from a
symmetric distribution was observed for the arcsine and the standard triangular distribution.
In addition, we made two sets of didactic simulations with data from standard normal
distribution to illustrate the huge sampling variability of kurtosis estimates as compared
to estimates of lower moments. Hence, we believe that kurtosis should be avoided in non-
specialist introductory statistics courses, it should not be routinely calculated as part of
numerical data description (whereby its standard error is particularly misleading), and it
should not serve routinely as criterion for assessing appropriateness of using the normal
distribution as the model for an empirical dataset.

Keywords: probability distributions, central moments, kurtosis, sampling distribution,
statistical education

1. Introduction
Rather than immediately diving into a standard mathematical introduction with formulae
and theorems, we begin with some history of the concept in question. A pioneer of both
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statistical theory and practice, William Henry Gosset, better known under his pseudonym
Student, wrote: “In case any of my readers may be unfamiliar with the term ‘kurtosis’ we
may define mesokurtic as ‘having β2 equal to 3’, while platykurtic curves have β2 < 3 and
leptokurtic > 3. The important property which follows from this is that platykurtic curves
have shorter ‘tails’ than the normal curve of error and leptokurtic longer ‘tails”’ 1 (Student
[W. S. Gosset], 1927, p. 160). So far so good, a contemporary statistician would comment;
however, effective and ingenuous as it was, Student’s memoria technica that followed might
have, alas, caused the subsequent spread of misconceptions about kurtosis. The sympathetic
animal illustration, accompanied by the witty words “the first figure represents platypus,
and the second kangaroos, noted for ’lepping’, though, perhaps, with equal reason they
should be hares” (Student [W. S. Gosset], 1927, p. 160), might have namely induced the
wrong notion that leptokurtic distributions have lighter tails as compared to heavier tails of
platykurtic distributions, whilst the truth is (broadly speaking) the opposite (as illustrated
below in Figure 3).

It is also unfortunate that mainstream statistical teaching has overlooked the insightful
words of Walther Andrew Shewhart, the pioneer of statistical quality control, who wrote
even earlier that “We may divide observed distributions into two classes – those that have
and those that have not arisen under controlled conditions. For distributions of the first
class, the three simple statistics, average, standard deviation, and skewness contain almost
all of the information in the original distribution. For those of the second class the most
useful statistics are the average and standard deviation. These contain a large part of the
total information in the original distribution” (Shewhart, 1923, p. 98). A contemporary
leading author in the same field, Donald J. Wheeler, stated even more emphatically that
kurtosis is a very problematic statistic: “Based on the slow convergence of shape statistics
to theoretical shape parameters, clearly thousands of data are needed to do a decent job.
Moreover, these thousands of data will need to be collected while the process displays a
reasonable degree of statistical control. …In short, skewness and kurtosis statistics are
practically worthless” (Wheeler, 2004, p. 54).

Assuming that the reader is familiar with skewness, i.e., the standardised third cen-
tral moment, we now present the essential mathematics of kurtosis. It is defined as the
standardised fourth central moment:

𝐾 =
μ4
σ4

If 𝑍 denotes a standardised random variable with a finite fourth moment, then 𝐾 is the
expected value of 𝑍 4. In this form, kurtosis can be interpreted as reflecting the dispersion
of 𝑍 2 around its mean, which is 1 (hence it reflects the dispersion of 𝑍 around +1 and -1).

In practice, this definition is usually replaced by excess kurtosis, where the expectation of
𝐾 for a normal distribution is subtracted. This is also what the KURT function in Microsoft®

Excel and kurtosis functions or commands in the majority of statistical packages return:

𝐾𝐸 = 𝐾 − 3

Based on excess kurtosis, theoretical probability distributions can be called (following
Student [W. S. Gosset], 1927) mesokurtic (with 𝐾𝐸 = 0 ), leptokurtic (with 𝐾𝐸 > 0) or
platykurtic (with 𝐾𝐸 < 0). For empirical data distributions, more realistic and meaningful
expressions are 𝐾𝐸 ≈ 0, 𝐾𝐸 ≫ 0 and 𝐾𝐸 ≪ 0, respectively.

1“Normal curve of error” is nowadays usually called normal distribution.
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Because our study addresses the issue of joint distribution of skewness and kurtosis, we
must emphasise that kurtosis is bounded by squared skewness plus one:

μ4
σ4

≥ (
μ3
σ3

)
2
+ 1

This relationship is the basis for the diagram proposed by Cullen and Frey (1999) for
identifying distributions and distribution families. A general example produced in R soft-
ware (R Core Team, 2024) using the fitdistrplus package (Delignette-Muller & Dutang, 2015)
is presented in Figure 1.

Figure 1. Cullen and Frey (1999) diagram of the relationship between kurtosis and squared skewness
for common probability distributions

The first problem with kurtosis is that for nearly one hundred years, it has been wrongly
interpreted as a measure of “peakedness” of the distribution. That notion was already
rightfully challenged more than fifty years ago (Chissom, 1970; Darlington, 1970; Hildebrand,
1971), it was already reviewed about forty years ago (Balanda & MacGillivray, 1988), and
well-known nearly thirty years ago (DeCarlo, 1997). However, it appears to have been
unquestionably settled—at least within the statistical profession—only about ten years ago
(Westfall, 2014).

Nevertheless, the internet abounds with wrong illustrations of kurtosis, such as two
normal distributions with the same mean and different variance presented as one leptokurtic
and one platykurtic (Figure 2). At the same time, an image-search on kurtosis retrieves very
few correct illustrations (Figure 3).

Furthermore, we found only one actual published practical application of kurtosis (in
seismology; Liang et al., 2008), and one submitted for publication (in statistical process
control; Zago, 2025). This is practically negligible given the unfathomable amount of
scientific publications (even if only those easily identifiable online are considered). Hence,
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Figure 2. Wrong illustrations retrieved by image-search for kurtosis on the internet (source URLs
are not provided because the aim is to show the breadth and variety of misconceptions, not identify
their authors)

Figure 3. Two correct illustrations of kurtosis retrieved by image-search for kurtosis on the internet
(ExKurtosis denotes excess kurtosis)
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we conducted a series of simulations in order to explore some fundamental properties of
the standard kurtosis estimator.

2. Methods
We conducted simulations by drawing 100 000 samples of size 30, 100 and 1000 from five
distributions:

• standard normal ( 𝑁(0,1)),
• standard uniform ( 𝑈[0,1]),
• lognormal (with parameters μ = 0 and σ2 = 1),
• arcsine (U-shaped, equivalent to beta distribution with parameters α = β = 0.5 ) and
• standard triangular (triangular with parameters 𝑎 = −1, 𝑐 = 1 and 𝑏 = 0, hence
𝑓 (𝑏) = 1).

Distributions of skewness and kurtosis were depicted using density strip plots, and their
joint distributions were depicted using 95 % and 80 % density contours.

Two additional illustrations were made based on samples from the standard normal
distribution to compare the first four moments. Line charts were used to show

• how the variability of the estimates depends on sample size (based on 100 repetitions
of a series of increasing sample sizes from 10 to 1000) and

• variation between repeated samples (based on 10 repetitions of a series of 10 samples
of size 100).

All simulations and graphics were produced using R (R Core Team, 2024). The code is
available from the second author upon request.

3. Results
Marginal distributions of skewness and kurtosis are shown in Figure 4. While some degree
of asymmetry of the sampling distribution of skewness and kurtosis in the case of lognormal
distribution is expected, notable asymmetry of the sampling distribution of kurtosis in the
case of arcsine and standard triangular distribution, which are symmetric, is very problematic.
What is more, there is some asymmetry of kurtosis estimates (with overrepresentation of
too-high estimates) even in the case of the normal and uniform distribution.

Joint distributions of skewness and kurtosis are shown in Figure 5 and Figure 6 in terms
of 95 % and 80 % density contours, respectively. For the symmetric distributions (i.e., normal,
uniform, arcsine and standard triangular), the contours are characteristically heart-shaped.
This was already noticed byWheeler (2004) for the normal distribution. The key observation
is that for the lognormal distribution, even the 80 % contours for samples of size 1000 are
nowhere near the population centroid.

Both additional illustrations (Figure 7, Figure 8) show that there is a dramatic increase
in the variability of the estimates from the third (skewness) to the fourth moment (kurtosis).
Figure 7 illustrates much slower convergence of kurtosis to its population value even
compared to skewness, let alone mean. Figure 8 mimics hypothetical meta-analyses and
illustrates that they could reach very different conclusions despite a relatively high amount
of data.

4. Discussion
Our simulations exposed very serious problems with the kurtosis statistic. The first one
is bias. With the lognormal distribution, which is highly skewed, the vast majority of
skewness–kurtosis pairs were far away from the theoretical population values even in
samples of size 1000. The combination of those two statistics, which is routinely examined
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Figure 4. Marginal distributions of skewness and kurtosis estimates depicted using strip-plots
(dashed lines indicate population values)

Figure 5. Joint distributions of skewness and kurtosis estimates depicted using 95 % density contours
(dashed lines indicate population values)

in statistical applications and presented in countless publications, is therefore of questionable
utility because it is supposed to help with judging whether a distribution differs substantially
from the normal distribution, yet it can be highly biased precisely if data arise from such a
distribution.
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Figure 6. Joint distributions of skewness and kurtosis estimates depicted using 80 % density contours
(dashed lines indicate population values)

Figure 7. Traces of estimates of the first four moments of the standard normal distribution based on
100 repetitions of a series of increasing sample sizes from 10 to 1000

A related problem is high asymmetry of the sampling distribution of kurtosis (but not
skewness) even though the population distribution is symmetric, which occurs with the
arcsine as well as the standard triangular distribution. In our simulations, kurtosis estimates
of the arcsine distribution, for which the population value is −1.5, virtually never fell below
−2 even in samples of size 30 (where the sampling variability was supposed to be the largest),
while they did exceed −1 in about 10 % of such samples. Similarly, kurtosis estimates of the
standard triangular distribution, for which the population value is −0.6, practically never
fell below −1.2 even in samples of size 30, while they did exceed 0 in about 15 % of such
samples. The asymmetry of the sampling distribution means that a reliable confidence
interval cannot be envisioned based on the standard error, and that the widespread 𝑧-test
of the null hypothesis of zero excess kurtosis is not valid. It is telling and regrettable that
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Figure 8. Traces of estimates of the first four moments of the standard normal distribution based on
10 repetitions of a series of 10 samples of size 100

a most modern general statistics textbook that corrects the error of interpreting kurtosis
as peakedness from its previous editions (Field, 2024) nevertheless presents that test and
applies it in several examples.

5. Conclusion
Our simulations demonstrated extreme instability of kurtosis estimates. Wheeler’s (2004)
judgement is excessively harsh on skewness, but we agree that “thousands of data” are
required for reliably estimating kurtosis, especially for heavy-tailed distributions or distri-
butions prone to extreme values. The combination of skewness and kurtosis is particularly
unstable and even clearly biased in the case of an asymmetric underlying distribution, such
as the lognormal. Together with persisting misconceptions of kurtosis and its extremely
limited practical utility, this leads us to recommend that kurtosis should be avoided in intro-
ductory statistics courses, at least for non-specialists. Furthermore, we believe that kurtosis
should not be routinely calculated as part of numerical data description. Its standard error
is particularly misleading because of possibly asymmetric sampling distribution despite a
symmetric population distribution (not only bimodal, such as the arcsine, but also unimodal
one, such as the standard triangular), which invalidates the associated confidence interval
and null-hypothesis test. Consequently, we believe that kurtosis should not routinely serve
as a criterion for assessing the appropriateness of using the normal distribution as the model
for an empirical dataset.
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